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Flaw Characteristics in Dynamic Fatigue:

The Influence of

Residual Contact Stresses
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Department of Applied Physics, School of Physics, University of New South Wales, Kensington, New South Wales 2033, Australia

The effect of residual contact stresses on the dynamic fatigue
response of surfaces containing indentation-induced flaws is
studied. Indentation fracture mechanics is used to analyze the
growth of well-defined ‘‘median/radial’’ cracks in combined
residual (elastic/plastic) contact and applied (uniform) tensile
fields, and thence to determine strength characteristics. In this
way a general formulation is obtained for the fatigue strength at
constant stress rate. Experimental confirmation of the essential
predictions of the theory is obtained from strength tests on
Vickers-indented soda-lime glass disks in water environment. It
is thereby implied that residual stresses can have a significant
deleterious influence on the fatigue behavior of any brittle solid
whose controlling flaws have a contact history. Such effects
need to be considered in the design of structural ceramics, most
notably where fracture-mechanics calibrations of crack-
velocity parameters are used for lifetime predictions.

I. Introduction

C ERAMICS are susceptible to stress-enhanced crack growth in the
presence of certain chemical environments, notably water.!
Consequently, the use of these materials as structural components
requires due allowance to be made for *‘fatigue’’ effects in design
specifications. Quantities such as ‘‘minimum lifetime’’ at constant
applied stress (*’static’’ fatigue) or ‘ ‘homologous strength’’ at con-
stant stress rate (‘‘dynamic’’ fatigue) now form an important part of
the characterization of brittle fracture.2-¢

Analysis of fatigue properties generally begins with the tacit
assumption that failure is preceded by the subcritical extension of
well-defined ‘‘Griffith’’ flaws. An appropriate crack-velocity/
stress-intensity-factor function for the given material/environment
system is then invoked, from which the flaw response may be
evaluated. This function is invariably obtained by empirical data fits
to results from large-scale fracture specimens. While the use of
crack-velocity data in predicting fatigue characteristics has met with
widespread success, several studies have indicated that some impor-
tant differences may exist between macroscopic-crack and
microscopic-flaw behavior under ostensibly identical test con-
ditions?"!!; discrepancies in the values of the exponent n in power-
law crack-velocity functions are the clearest manifestation of this
conclusion. Such differences are particularly pertinent to applica-
tions in which short-term fracture mechanics data are used to predict
long-term strengths.

Recent investigations into the nature of indentation crack patterns
in silicate glasses and other ceramics'?~!® provide some insight into
the mechanics of fracture at a level between those of flaw and
large-scale crack. The case of special interest is that of elastic/
plastic contact, produced in sharp-point indentation, in which ir-
reversible processes play a major role in the crack evolution. Most
significantly, the irreversible component of the field gives rise to a
residual opening force on the newly formed crack. This residual
force contributes to the net driving force on the crack system during
subsequent stressing, as in a strength test; typically, a measured
strength =30 to 40% lower than that predicted from crack dimen-
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sions and known stress intensity factor alone is obtained under
conditions of equilibrium fracture.!?

In this study the influence of residual contact stresses on crack
growth under nonequilibrium conditions is examined. In particular,
the dynamic fatigue characteristics are determined for a convenient
model ‘‘flaw’’ system, Vickers-indented soda-lime glass surfaces
in a water environment. The residual-stress effect is demonstrated
most clearly by comparing strength data for surfaces in the as-
indented state with those for surfaces annealed between the contact-
and failure-test stages. A theoretical analysis of the results, based on
indentation fracture mechanics, provides the necessary formalism
for quantifying the residual term. Implications concerning the pro-
spective response of surfaces containing general handling flaws are
discussed.

II. Incorporation of Residual-Stress Terms into Dynamic
Fatigue Formulation
(1) Stress Intensity Factor for Indentation/Strength Model

Figure 1 shows the model flaw system under consideration. In the
indentation stage, Fig. 1(4), a well-defined crack system is pro-
duced, with characteristic dimension ¢ determined by the peak load
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Fig. 1. Indentation/strength model system. (4) Vickers indenter, peak

load P, generates median/radial crack, characteristic dimension ¢ (value ¢, at
completion of contact cycle, with further postindentation, subcritical exten-
siontoc,’if exposed to moisture). (B) Tensile field o, in combination with
residual (‘‘ghost’’) contact field, drives crack system to failure.
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Fig. 2. Stress intensity factor for indentation flaw with residual stress.
Point I represents (stable) equilibrium configuration at completion of inden-
tation cycle; II represents (unstable) configuration at failure in subsequent
strength test.

P.12 The crack geometry depends to some extent on that of the
indenter; here we consider the ‘‘median/radial’’ system'® produced
in Vickers indentation, consisting of two orthogonal, near-
semicircular surface cracks intersecting along the load axis. A
second set of cracks, the ‘‘lateral’’ system'? (not indicated in Fig.
1), spreads sideways beneath the indentation surface; it remains
passive in any subsequent tensile loading of the type depicted in Fig.
1(B)!" and is accordingly disregarded in the theoretical formulation
(although due allowance for secondary, radial/lateral interaction
effects in the fracture mechanics will be shown to be necessary in
some experimental determinations (Section III)). By virtue of the
elastic/plastic nature of the point contact field, the median/radial
crack system experiences a substantial residual opening force,
which may be quantified by the stress intensity factor

K,.=x,Plc¥? )

where x, is a dimensionless indenter/specimen constant.!”!# The
central importance of the residual field is apparent from the radial
(surface-trace) crack response in glass: for indentation in inert
(moisture-free) environments, the radial cracks grow almost exclu-
sively during the unloading half-cycle, to some final equilibrium
(K =K ) size c '3, if then the glass surface is exposed to moisture,
the unloaded cracks expand subcritically (K,.<K,.) to some
nonequilibrium size ¢,'>c¢.

In the tensile strength-test stage, Fig. 1(B), an applied stress o,
augments the residual driving force. The appropriate stress intensity
factor for this second term is of the standard form

Ku =0',,(7T()l')”2 (2)

where () is a crack-geometry parameter. Thus the crack system is
subject to a net stress intensity factor

K =x,Plc3?*+ o, (mQc)'? (c=c¢y") A

The function K =K (c) is plotted in Fig. 2. Note that the influence of
the residual component is greatest at small ¢, reflecting the localized
nature of the responsible contact deformation processes. Fatigue
characteristics may now be determined from Eq. (3) for any time-
dependent stress o, (t), once a suitable crack-velocity function is
specified.

Before investigating fatigue characteristics, however, it is useful
to derive relations for the strength under conditions of equilibrium
fracture.

(2) Equilibrium Strength Relations

To take the indentation crack system in Fig. 1(4) to failure in Fig.
1(B) under ideal equilibrium conditions, one must proceed from the
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initial stable configuration I in Fig. 2 (dK/dc<0) to the unstable
configuration 11 (@K /dc >0) such that K =K . remains satisfied at all
intervening points. Thus, as o, increases from zero to its critical
value the crack undergoes a stage of precursor stable growth.!? This
is shown formally by inserting K=K, into Eq. (3) to obtain the
stress/equilibrium-crack relation

oo =[ K ) Qc)V¥[1 —x PIK.c¥?] @
This function has a maximum (do,/dc =0) at

o, =3K . /4(7 Qe )2 (sa)

cn=(4x,PIK )3 (5)

For ¢ <c,, the crack is stable (do,/dc>0), for ¢>c,, it is unstable
(da,/dc<0); the condition for failure is that the system attain a
configuration on the unstable branch of the a,(c) curve.'?

The equilibrium strength relation for any given indentation situa-
tion will then depend on the size of the initial radial crack relative to
the value ¢,,. In the present context there are two cases of special
interest. The first corresponds to the limit x,=0, i.e. indentations
free of residual stress. This gives ¢, =0 in Eq. (5b), so the function
o,(c) has only an unstable branch. Failure thus occurs spontane-
ously at o,=a° c=c,'; Eq. (4) yields the appropriate inert,
residual-stress-free strength

=K J(m Q) xr=0) (6)

It must be stressed that it is the crack size ¢,’ immediately prior to
strength testing, not the value ¢,(<c,’') immediately after indenta-
tion, which is pertinent here. The second case of interest is that in
which residual stresses are present, x,.>0, such thatc,'<c,,. Then,
since the point (o,,c,’) falls on the stable branch of the o,(c)
function, failure can occur only if the crack is made to grow stably to
¢ =c,, by increasing the stress to o, =0, = o;"; Eq. (5) accordingly
gives the inert, residual-stress-sensitive strength

0 =[27K /256X, (rQPP] (x,>0) @

Because of the existence of this *‘energy barrier’’ to failure, the
strength is now no longer dependent on initial crack size ¢,
provided the requirement ¢’ <c,, is not violated.

(3) Dynamic Fatigue Relations

Under conditions of nonequilibrium fracture, the crack growth
from configurations I to Il in Fig. 2 proceeds along a subcritical path
K <K, in accordance with some appropriate crack-velocity function
v(K). The velocity function used most widely in fatigue analysis of
well-defined crack systems is of the form

v ="()(K/K(-)" (K<K() (8)

where v, and n are constants for a given material/environment
system. Equations (3) and (8) may be combined to obtain a differen-
tial equation for crack size in terms of time; for dynamic fatigue,
where the applied stress increases at a constant rate g, i.e.
a,=0,t, the differential equation is

vo={ [x+/KJP/P+[(m Q) 2K Jo 2t} ®

The aim in general dynamic fatigue analysis is to obtain the value of
o, at failure as a function of g,; in terms of Eq. (9) the problem
reduces to solving for the time 7, to take the crack from its initial size
(cy") to its final size (solution of Eq. (3) atK =K., dK /dc>0 branch).
in the subcritical region.

An analytical evaluation of Eq. (9) is possible only in the limits of
either the first or the second term within the brace becoming zero.
The second case, corresponding to o, =0, produces a trivial solu-
tion, in that the time-to-failure is infinite. (The solution could be
used to determine the extent of crack growth, ¢,~c,’, that would
occur between indentation and strength testing; experimentally,
however, it is simpler to measure ¢, directly immediately prior to
application of the tensile stress.) The other case, corresponding to
Xx-=0, is not trivial; it has the standard solution

a®~Bg,V+D (Xr=0) (10)
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Fig. 3. Normalized dynamic fatigue curves for specimens containing
indentation flaws with residual stress. Computed for specified n and selected
residual-stress parameters within range 0 <X, <1.

in the strength region 0°<g%, where B={[2(n+1)/(n—2)][K./
(11'0)1/2]"/(:0’"’2_1\’0}”(n+l)-

In general, Eq. (9) must be solved by numerical integration. It is
convenient to rewrite the differential equation in normalized form
by introducing the reduced variables C=clc,’, T=1,/c,’,
X =x,PIKcy'¥%, Sq=0,(mwQc,y’ )2 /K., whence

C =(X,/C32+§,ClTY: (11

with C =dC/dT andS,=dS,/dT =S,,/T. Noting that the initial con-
dition for the crack now becomes C=1 at T=0, and the final
condition C =1, the time-to-failure T, may be computed for any
specified parameters X, n, and S,. Figure 3 shows the strength
§=S8,T;=c/a as afunction of stress rate S, forn=17.9 (see Sec-
tion III) and'several values of residual-stress parameter in the allow-
able range 0<X,<1 (corresponding to bounds set by K,=0 and
K,=K_ at the initial configuration c =c,’ in Eq. (1)).* It is clear
that residual contact stresses can have a significant detrimental
effect on the fatigue strength.

III. Experimental Determination of Dynamic Fatigue
Characteristics

(1) Test Procedure

Soda-lime glass (commercial sheet) disks (nominally 50 mm in
diam. by 3 mm thick) were used as test specimens. A Vickers
diamond pyramid indenter was used to produce a well-defined
radial crack pattern (c>a (Fig. 1)) at the center of each disk. The
contact itself was maintained for a standard 15 s. Two types of
specimens were prepared: ‘‘as-indented’’ specimens (x,>0), using
either oil (inert) or air (noninert) as contact environment; ‘‘an-
nealed’’ specimens (x,=0), by slowly heating (over=1 day) air-
indented disks to 520°C, holding for =2 days, and slowly cooling
(over =1 day) to room temperature. Microscopic examination of
the contact sites was made to check the level of birefringence asso-
ciated with the residual stresses'” and to monitor any postinden-
tation crack development.

The disks were then loaded in center-symmetric flexure, indented
face on the tension side, and taken to failure. A specially designed
jig, capable of delivering a biaxial tensile stress with >99%
uniformity over the inner span region, was used for this purpose.?®
With this arrangement the results were insensitive to exact position-
ing and orientation of the crack pattern with respect to the

*These calculations, based as they are on Eq. (8), do not consider the possibility of a
fatigue limit or stage I and stage Il crack-growth regions.
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Fig. 4. Fracture surfaces of soda-lime glass disks broken in water, show-
ing extended region of subcritical crack growth about indentation flaw.
Indentation load P =5 N, applied stress rate g, =0.15 MPa-s~!. (4) Speci-
men annealed after indentation, failure stress o°=62 MPa; (B) specimen
as-indented, failure stress " =44 MPa. Width of field 1.00 mm; arrows
designate failure origins (faint surface markings beyond well-defined crack
boundary tend to center on these origins).

coaxial load axis. A microscope incorporated into the equipment
provided a facility for following the progress of the radial cracks
during loading. This facility was also useful for ensuring crack
sharpness in annealed specimens; a preliminary stress cycle was
applied to these specimens, in air environment, such that a minute
amount of slow crack growth occurred. The tests proper were
conducted in either oil or distilled water; for air-indented specimens
a drop of the appropriate liquid was simply placed onto the contact
site prior to loading (on asurface heated with a hair dryer, in the case
of oil, to remove excess moisture). After placing a cover slip over
the liquid, the initial crack size was recorded and the stress applied
at a prescribed constant rate until failure occurred.

Figure 4 shows fracture surfaces of annealed and as-indented
specimens broken in a water environment. In each case subcritical
growth has expanded the median/radial crack responsible for the
failure well beyond the initial indentation flaw. Noting that both
specimens were subjected to identical test conditions, it is clear
from the micrographs that the as-indented specimen has experi-
enced the greater crack driving force, consistent with the existence
of a tensile residual-stress component. It is also apparent from Fig. 4
that the lateral crack system is unlikely to be an influential factor in
the fatigue strength; however, since the lateral and radial systems
tended to comparable dimensions in the initial indentation config-
uration, the same conclusion cannot be extended to the inert
strength.

(2) Inert Strengths

Some calibration-strength runs were made under essentially equi-
librium fracture conditions to evaluate the parameters within the
square brackets in the fatigue relation Eq. (9). This evaluation was
made for annealed and as-indented disks, with due attention in each
case to the requirement that radial/lateral interactions be negligible.

With annealed disks the preliminary stress cycle used to *‘shar-
pen’’ the cracks in air was intensified to the extent that the charac-
teristic dimension of the radial system exceeded that of the lateral
system by at least a factor of two (recall that the lateral cracks do not
respond to flexural stresses). The inert strengths o (0il environ-
ment) were then measured. Negligible subcritical extension of the
radial crack from its initial size ¢,’ was observed during the loading,
indicating that the stress rate used (6.6 MPa s™!) was sufficient to
prevent significant penetration of moisture through the oil to the
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crack tip. The results, from 21 specimens indented over the load
range 5 to 100 N, combine with Eq. (6) to give

K /(7 Q)2=g%,"2=0.78+£0.02 MPa m"? (12)

With as-indented disks a different means of avoiding lateral-
interaction effects had to be adopted; the need to respect the condi-
tion ¢y'<c,, in order for Eq. (7) to remain valid precluded the
previous approach of expanding the radial crack in a pretest cycle.
Instead, use was made of the observation in oil-indented surfaces
that at low loads the development of the lateral system tended to lag
that of the radial system to a considerable degree. For example, at
P =5 N the lateral cracks immediately after indentation were usually
so small as to be contained within the contact zone, but after =1 h
they had grown out to the limits of the radial cracks (presumably due
to traces of moisture in the oil environment; during this time the ra-
dial dimension itself increased, albeit by a relatively small amount).
Accordingly, by varying the interval between completion of inden-
tation and commencement of flexural loading, the strength charac-
teristics could be measured as a function of lateral/radial crack
size. The results are plotted in Fig. 5. The zero-lateral limit,
o/P1B3=115+5MPa N3, together with Egs. (7) and (12), then
gives

Kelxr= Q256127 [(w Q)2 /K (o PY13)}3
=31.1%= 35 MPa m"? (13)

In these tests, significant precursor stable growth was always ob-
_served in the radial crack prior to instability, confirming the neces-
sary existence of an energy barrier to failure.

(3) Dynamic Fatigue Tests

With the dynamic fatigue tests a fixed indentation schedule was
adopted for all specimens, consisting of contact in air at a peak load
P =5 N followed by an interval of 30 min before strength testing
(as-indented disks) or heat treatment (annealed disks). The contact
load was chosen such that the radial crack system remained well
defined at all times yet never achieved a scale requiring specimen-
thickness effects to be considered as a factor in the strength analysis.
This procedure conveniently afforded a consistent initial crack size,
¢o'=67+5 um, for both annealed and as-indented specimens.

Figure 6 shows the results for the two specimen preparations. The
difference between the two sets of data confirms a significant
residual-stress effect in the fatigue properties. In this plot the solid
curve through the data points forannealed specimens was generated
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Fig. 5. Plot of g/P'" vs lateral/radial crack-size ratio c“/c¥ for specimens
indented and broken in oil. Ratio c!/c® adjusted by varying interval between
contact and flexure. Shaded area represents extrapolation to c“/cR—0 (note
cracks obscured by plastic impression at cZ<a; dashed line designates scale
of impression for P =5 N). Error bars are standard deviations (5— 10 tests).
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by a curve-fit procedure. First, a (logarithmic) linear fit was made in
accordance with Eq. (10)* from the slope and intercept, in conjunc-
tion with the values of ¢,” and K /(7 Q)!""? already determined, this
gave the kinetic parameters #=17.9+0.5 and vy=2.4+0.6 mm
s~!. Then substitution of these parameters, along with the appropri-
ate conditions y,=0and P =5 N, into Eq. (9) produced a more exact
evaluation (via numerical integration) of the function o%(a,), par-
ticularly at high stress rates where the strength approaches the inert
limit. The curve through the data points for as-indented specimens
was computed in a similar fashion from Eq. (9), but with K./x,. in
Eq. (13) substituted as appropriate to the function o'(a,). Thus,
taking the results for specimens free of residual stress as a base for
calibrating the crack-velocity relation Eq. (8), we have been able to
predict a priori the dynamic fatigue response (to within the limits of
experimental accuracy) for specimens in their natural, nonannealed
state.

An additional check on the theory was made by monitoring the
entire subcritical crack evolution for both annealed and as-indented
disks at a particular stress rate. Figure 7 shows the data, together
with the predicted c(¢) curves from Eq. (9). (Note that the crack does
not extend noticeably immediately upon application of the stress,
consistent with the expected reduction in K, due to the preceding
postindentation expansion ¢,—¢,’.)

IV. Discussion

The results summarized in Fig. 6 demonstrate clearly that re-
sidual contact stresses can have a significant detrimental effect on
the fatigue properties of soda-lime glass. It is of interest to compare
these findings with results reported in other fracture studies, particu-
larly in regard to the value of the crack-velocity exponentn. In this
context the present determination, n=17.9+0.5, from curve-fitting
the data for annealed specimens compares favorably with the range
16<n<<19 generally obtained from macroscopic crack-velocity
measurement.?! However. if a similar force-fit procedure is con-
ducted directly on the data for as-indented specimens in Fig. 6. an
artificially low value,n =13.7+0.2, is measured.* A discrepancy of

*Regression analysis of In o vs In . A similar tit was obtained using a more
claborate. *homologous stress ratio ™ technique (Ret. 6).
*The corresponding apparent velocity coefficient is v, =55+15 ms !
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Fig. 6. Dynamic fatigue response for indented soda-lime glass disks

broken in water. Error bars are standard deviation (10—30 specimens). Solid
curve through data for specimens annealed after indentation evaluated from
Eq. (9) in accordance with best fit over linear region. Solid curve through
data for as-indented specimens is a priori evaluation from Eq. (9), using
kinetic fracture parameters obtained in the annealed-data fit. Shaded regions
indicate inert strengths, from Eq. (12) at¢,'= 67 wm (annealed) and Eq. (13)
at P =5 N (as-indented).
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Fig. 7. Evolution of indentation flaws in soda-lime-glass/water system at
constant applied stress rate g, =0.15 MPa-s~!. Data for specimens annealed
after contact cycle and as-indented (each symbol represents different crack).
Solid curves are predictions from Eq. (9).

this magnitude was noted in an earlier dynamic fatigue study of
acid-polished (n =16.9) vs abraded (n = 13.0) specimens (although
in that work the experimental scatter (=25% std. dev.) cast some
doubt on the significance of the difference). It is apparent that the
nature and history of the controlling flaws, factors generally not
considered in the basic *‘Griffith strength’’ formulation, can play an
important role in the mechanics of failure. There is an implication
here that certain types of flaws, particularly those associated with
previous surface-contact events, respond in much the same way as
the idealized ‘‘median-radial’’ crack system; i.e. the stress field
responsible for their formation is essentially elastic/plastic in na-
ture.

Although explicit attention has been given in this study to one
material only, soda-lime glass, the residual-stress effect is expected
to extend to most ceramics which exhibit fatigue. For such stresses
to develop during indentation the material immediately beneath the
contact point must deform radially at constant density; it is then the
accommodation of the impression volume within the surrounding
elastic/plastic matrix which sets up the residual field.'® ‘‘Anoma-
lous’’ (high silica content) glasses,?> which show a tendency to
deform by densification rather than by shear-induced flow, and
‘‘soft’’ (low hardness-to-modulus ratio) materials, which tend to
flow upward around the indenter (‘‘pile-up’’)?® rather than radially
outward, would therefore appear to be less susceptible to this effect.
The existence of a strong residual-stress influence has indeed been
demonstrated in the strength behavior of a wide range of cer-
amics.'®24 Furthermore, systematic discrepancies in crack-
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velocity/dynamic-fatigue determinations of n similar to those al-
ready described for glass have been found in materials as diverse as
cement paste® and glass-ceramics.!?

The results of this study therefore suggest that in-service lifetimes
for brittle components should not be predicted from fracture data
without due consideration of flaw characteristics. This caution is
particularly valid where macroscopic-crack measurements are used
to establish velocity parameters; failure to account for residual
stresses in the microscopic-flaw response might then be expected to
lead to substantial inaccuracy in the lifetime calculation. If, on the
other hand, the parameter calibration is obtained exclusively from
dynamic fatigue data on the actual component surfaces, via Eq.
(10), much of this inaccuracy may be inadvertently eliminated; this
can be argued on the reasonable assertion that static and dynamic
fatigue relations are likely to be similarly affected by any modifica-
tions in the flaw micromechanics. There would appear to be a need
for further investigation into the general area of flaw characteriza-
tion in the design of strong ceramics.
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